Quantum Corrections to Bekenstein-Hawking Black Hole Entropy and Gravity
  Partition Functions by Bytsenko, A. A. & Tureanu, A.
ar
X
iv
:1
30
4.
70
21
v1
  [
he
p-
th]
  2
5 A
pr
 20
13
Quantum Corrections to Bekenstein–Hawking
Black Hole Entropy and Gravity Partition Functions
A. A. Bytsenko (a), 1 and A. Tureanu (b), 2
(a) Departamento de F´ısica, Universidade Estadual de Londrina,
Caixa Postal 6001, Londrina-Parana´, Brazil
(b) Department of Physics, University of Helsinki,
P.O. Box 64, FI-00014 Helsinki, Finland
Abstract
Algebraic aspects of the computation of partition functions for quantum gravity and black
holes in AdS3 are discussed. We compute the sub-leading quantum corrections to the
Bekenstein–Hawking entropy. It is shown that the quantum corrections to the classical
result can be included systematically by making use of the comparison with conformal field
theory partition functions, via the AdS3/CFT2 correspondence. This leads to a better un-
derstanding of the role of modular and spectral functions, from the point of view of the
representation theory of infinite-dimensional Lie algebras. Besides, the sum of known quan-
tum contributions to the partition function can be presented in a closed form, involving the
Patterson–Selberg spectral function. These contributions can be reproduced in a holomor-
phically factorized theory whose partition functions are associated with the formal characters
of the Virasoro modules. We propose a spectral function formulation for quantum corrections
to the elliptic genus from supergravity states.
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1 Introduction
In this paper we deal with applications of modular forms (and spectral functions related to the
congruence subgroup of SL(2,Z)) to quantum gravity partition functions. The connection
that can be established is particularly striking in the case of the correspondence between
three-dimensional quantum gravity, in a space-time which is asymptotic to AdS3, and the
two-dimensional conformal field theory. We seek appropriate expressions for the partition
functions and elliptic genera in general. Elliptic genera are natural topological invariants,
and are also the one-loop string/gravity partition functions. They have been proven to be
useful in the black hole entropy computations [1].
Let us briefly recall the construction of the action of the Heisenberg/Clifford algebra on
homology groups of varieties, which is key to our considerations. One can start with the
(integrable) highest-weight representation of the affine Lie algebra on the homology group
of moduli spaces of torsion-free sheaves. The generators of the affine Lie algebra (as a Kac–
Moody or Virasoro algebra) are given by moduli spaces of sheaves. Then the characters of
highest-weight modules may be identified with the holomorphic parts of partition functions
on the torus, for the corresponding field theories. This structures arises naturally, but not
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exclusively, in string theory and quantum gravity, and is particularly clear and treatable
when supersymmetry is involved.
One of the purposes of the present work is to gain a better understanding of the role of
the modular and spectral functions of hyperbolic geometry in the holomorphically factor-
ized theory of three-dimensional gravity, from the point of view of the representation theory
of infinite dimensional Lie algebras. Our particular interest in this example (as well as in
an example of the elliptic genus from supergravity) stems from the AdS3/CFT2 correspon-
dence. The geometric structure of three-dimensional gravity (and black holes) allows for
exact computations, since its Euclidean counterpart is locally isomorphic to a constant cur-
vature hyperbolic space. There is a correspondence between spectral functions related to
Euclidean AdS3 and modular-like functions (Macdonald series) [2]. To be more precise, the
classes of Euclidean AdS3 spaces are quotients of the real hyperbolic space by a discrete
group (a Schottky group). The boundaries of these spaces can be oriented compact surfaces
with a conformal structure (compact complex algebraic curves).
We develop the space-time aspects of the quantum corrections for three-dimensional gravity
and the elliptic genus from supergravity states. In these examples the appropriate Lie Vira-
soro algebra is a (universal) central extension of the Lie algebra of holomorphic vector fields
on the punctured complex plane having finite Laurent series. It is for this reason that the
Virasoro algebra plays a key role in conformal field theory. Besides the AdS3/CFT2 core-
spondence, we assume that the arguments of spectral functions of hyperbolic three-geometry
take values on a Riemann surface, viewed as the conformal boudary of AdS3. Thus the quan-
tum correction can be rewritten in terms of the spectral functions of hyperbolic geometry,
providing spectral flow (shift of the periodicities of quatum fields) and a kind of modular
invariance.
The organization of the paper, and a brief summary of some of the results obtained, follows.
In Sect. 2 we analyze the holomorphic factorization for the one-loop correction to the three-
dimensional gravity. We note that the holomorphic contribution to the partition function
corresponds to the formal character of the Virasoro module. The symmetry group of AdS3
gravity (with appropriate boundary conditions) is generated by the Virasoro algebra, and
the one-loop partition function is indeed the partition function of a conformal field theory
in two dimensions. We show that the infinite series of quantum corrections for the cases
of three-dimensional gravity can be actually rewritten in terms of spectral functions in a
holomorphically factorized theory.
There is a correspondence between quantum corrections to the black hole entropy and con-
formal field theory partition functions which can be reproduced, as is known, from gravity
quantum corrections. This correspondence is made possible owing to the fact that the near
horizon geometry of the black holes considered is locally AdS3. This is most naturally
viewed, because of that circumstance, as a beautiful example of the correspondence be-
tween three-dimensional anti-de Sitter gravity and two-dimensional conformal field theory.
3
(A more simple geometrical structure of three-dimensional gravity and the associated black
holes allows carrying out exact computations.)
Owing to this correspondence, in Sect. 3 we analyze quantum corrections to the Bekenstein–
Hawking black hole entropy [3, 4] and then in Sect. 4 we discuss sub-leading corrections.
The asymptotic limit for the coefficient in the expansion of partition functions is calculated
explicitly. The conclusion is that it has a universal form: it points out to sub-leading
corrections, both to the entropy of the three-dimensional black hole, and also to the entropy
of the conformal theory.
Special attention is devoted to the spectral function formulation of the one-loop quantum
corrections in Sect. 5. We introduce the Patterson–Selberg and Ruelle spectral functions of
hyperbolic three-geometry with an application to Macdonald polynomials. From Sect. 5.3
on, we follow the strategy for analyzing the elliptic genus from supergravity, and turn to
our interest, laying in supergravity contributions. This leads to a comparison with partition
functions of CFT via the AdS3/CFT2 correspondence. Finally, in Sect. 6 we provide some
conclusions.
2 Holomorphic factorization of quantum corrections
One-loop corrections to three-dimensional gravity on H3/Γ are qualitatively similar to black
hole quantum corrections. The Euclidean black hole has an orbifold description H3/Γ(a,b)
for suitable parameters a > 0, b ≥ 0, where H3 = {(x, y, z) ∈ R3 | z > 0} is the hyperbolic
three-space and Γ(a,b) ⊂ SL(2,C) is a cyclic group of isometries. H3/Γ(a,b) is a solution of
the Einstein equations Rij − (1/2)gijRg − Λ0gij = 0 with negative cosmological constant Λ0
(for σ = (−Λ0)−1/2, the constant scalar curvature becomes Rg = 6σ−2 = −6Λ0). For our
purpose, recall that the (Chern–Simons) coupling constant is k = σ/16G and, therefore,
c = 24k ∈ Z. The dimensionless ratio k is never a variable parameter but does always
take quantized values. Actually, the fact that k is not a continuous variable is actually a
more general consequence of the Zamolodchikov c-theorem applied to the boundary of the
conformal field theory. We recall of the well-known fact that 24k = cL = cR = c, c being
the central charge of conformal field theory (which physically has to do with the vacuum
or Casimir energy). Then, we decompose q = exp(2πiτ) = exp[2π(−Imτ + iReτ)], so that
|qq|−k = exp(4πkImτ), which is the classical prefactor of the gravity partition function
Zclassical(τ, τ ) = |qq|−k. (1)
For three-dimensional gravity in real hyperbolic space, the one-loop contribution, as a prod-
uct of holomorphic and antiholomorphic functions, was analyzed in [5]:
Z1−loopgravity (τ, τ) =
∞∏
n=2
|1− qn|−2 =
[
∞∏
n=2
(1− qn)hol ·
∞∏
n=2
(1− qn)antihol
]−1
. (2)
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A remarkable link between the theory of highest-weight modules over the Virasoro algebra,
conformal field theory and statistical mechanics was discovered in [6, 7]. Here we briefly
note some elements of the representation theory of the Virasoro algebra which in fact are
very similar to those for Kac–Moody algebras. Let us consider the highest representation of
the Virasoro algebra. Let M(c, h), with c, h ∈ C, be the Verma module over the Virasoro
algebra (see, for example, [8]). The conformal central charge c acts on M(c, h) as cI. As
[e0, e−j] = ne−j , it follows that e0 is diagonalizable on M(c, h), with the spectrum h + Z+
and the eigenspace decomposition given by: M(c, h) =
⊕
j∈Z+
M(c, h)h+j, where M(c, h)h+j
is spanned by elements of the basis {e−jk}nk=1 of M(c, h). The number dimM(c, h)h+j is the
classical partition function. This means that the Kostant partition function (see Eq. (12))
for the Virasoro algebra is the classical partition function. On the other hand, the partition
functions can be rewritten in the form
TrM(c,h) q
e0 :=
∑
λ
dimM(c, h)λ q
λ = qh
∏
j∈Z+
(1− qj)−1 . (3)
The series TrV q
e0 is called the formal character of the Virasoro module V . We must em-
phasize the fact that the full quantum correction to the gravity partition function admits
the factorization (2): Z1−loopgravity (τ, τ) = Z(τ)hol · Z(τ)antihol. Note that the (anti)holomorphic
contributions are similar to the formal character of the Virasoro module (3).
3 Quantum corrections to the black hole entropy
The three-dimensional black hole. The corresponding metric is, in spherical coordinates
(r, ϕ, ϑ),
ds2Euclid = (N1(r)
2 + r2N2(r)
2)dϑ2 +N1(r)
−2dr2 + 2r2N2(r)dϕdϑ+ r
2dϕ2 , (4)
where, for the mass and angular momentum parameters one has M > 0 and J ≥ 0, respec-
tively, while
N1(r)
2 = −M − Λr2 − J2/4r2 , N2(r) = −J/2r2 . (5)
The periodicity of the Schwarzschild variable ϕ means that there is an identification ϕ ∼
ϕ+2πn, for n ∈ Z. It is quite remarkable that, for a suitable change of variables (r, ϕ, ϑ)→
(x, y, z), z > 0, the metric ds2Euclid transforms into the standard hyperbolic metric ds
2 =
σ2z−2(dx2 + dy2 + dz2) on H3. The metric ds2Euclid is a black hole solution with outer and
inner event radii r+ and r−, respectively. For r+ > 0, r− ∈ iR (i2 = −1, r− is purely
imaginary, since we are working with the Euclidean version), the outer and inner horizons
are respectively given by
r2+ =
Mσ2
2
[
1 +
(
1 +
J2
M2σ2
)1/2]
, r− = −σJi
2r+
. (6)
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Γ(a,b) := {γn(a,b) | n ∈ Z} is defined to be the cyclic subgroup of SL(2,C), with generator (see
Eq. (50)) γ(a,b) := diag(e
a+ib, e−(a+ib)). A fundamental domain F(a,b) for the action of Γ(a.b)
on H3 is given by F(a,b) = {(x, y, z) ∈ H3 | 1 < x2 + y2 + z2 < e2a}. It follows that Γ(a,b) is a
Kleinian group.
The entropy. The formula Zgravity(τ, τ) = |qq|−2kZ1−loopgravity (τ, τ ) has a natural physical inter-
pretation. Indeed, it has the form of a trace,
Z = TrH(X)q
L0 q¯L¯0 , (7)
over an irreducible representation of the Virasoro algebra; H(X) is the Hilbert space of the
gravitation theory with the target space X = H3/Γ. The representation contains the ground
state |0〉 of weight L0|0〉 = −k|0〉, along with its Virasoro descendants L−n1 . . . L−ni |0〉.
Thus, with appropriate boundary conditions, the symmetry group relevant to AdS3 gravity
is generated by the Virasoro algebra.
Going back to black hole physics, observe that for the Lorentzian form of the metric, ds2Lorentz,
the correspondence radii r± are solutions of the equation N1(r) = 0, and have the form
r± = 4GMσ
2
[
1±
√
1− (J/Mσ)2
]
. (8)
We assume that 1 − (J/Mσ)2 ≥ 0, i.e. |J | ≤ Mσ, and r± ≥ 0. For the eigenvalues of the
holomorphic and antiholomorphic Virasoro operators L0 and L0, respectively, we have
L0 = (Mσ + J)/2 = (r+ + r−)
2/16σG, (9)
L0 = (Mσ − J)/2 = (r+ − r−)2/16σG. (10)
The classical Bekenstein–Hawking entropy [3, 4] is SBH ≡ logZclassical(τ, τ ), where Zclassical(τ, τ)
is given by Eq. (1). In fact, the partition function (2) is a canonical ensemble partition func-
tion of thermal AdS3, so for β ≡ Im τ , one obtains
S(β, |r−|) = logZBH − βZ−1BH
∂ ZBH
∂β
. (11)
4 Sub-leading corrections
Digression: finite-dimensional Lie algebras. Let Rn be the n-dimensional real Eu-
clidean space with the standard basis ε1, · · · , εn and the bilinear form (εi, εj) = δij . All
lattices below will be sublattices of Rn with the inherited bilinear form (· | ·). All indices
are to be distinct. Recall that a complex n × n matrix A = (aij)ni,j=1 of rank n is called a
generalized Cartan matrix if it satisfies the following conditions:
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(i) aii = 2 for i = 1, · · · , n;
(ii) aij non-positive integers for i 6= j;
(iii) aij = 0 implies aji = 0.
A realization ofA is a triple {h,Π,Π∨}, where h is a complex vector space, Π = {α1, · · · , αn} ⊂
h∗ and Π∨ = {α∨1 , · · · , α∨n} are indexed subsets in h∗ and h, respectively. We also set
Q =
∑n
j=1Zαj , Q+ =
∑n
j=1 Z+αj ; the lattice Q is called the root lattice. Let us intro-
duce the following root space decomposition with respect to h: g(A) =
⊕
α∈Q gα, where
gα = {x ∈ g(A) | [h, x] = α(h)x ∀h ∈ h} is the root space attached to α. In addition g0 = h,
the number multα := dim gα is called the multiplicity of α. An element α ∈ Q is called a
root if α 6= 0 and multα 6= 0; a root α > 0 (resp. α < 0) is called positive (resp. negative).
Denote by △,△+,△− the sets of all roots, positive and negative roots respectively, such that
△ = △+ ∪△− (a disjoint union).
Let n+ (resp. n−) denote the subalgebra of g(A) generated by e1, · · · , en (resp. f1, · · · , fn).
Then we have the triangular decomposition: g(A) = n− ⊕ h ⊕ n+ (direct sum of vector
spaces). gα ⊂ n+ if α > 0 and gα ⊂ n− if α < 0. It means that for α > 0 (resp.
α < 0), gα is the linear span of the elements of the form [· · · [[ei1 , ei2 ], ei3 ] · · · eis ] (resp.
[· · · [[fi1 , fi2 ], fi3] · · · fis]) such that αi1 + · · · + αis = α (resp. = −α). Besides gαi = Cei,
g−αi = Cfi, gsαi = 0 if |s| > 1. The Chevalley involution of the Lie algebra g(A) is determined
by w(ei) = −fi, w(fi) = −ei, w(h) = −h if h ∈ h. Let ǫ(w) ≡ deth∗w = (−1)ℓ(w), where
ℓ(w) is the length of w; also w(gα) = g−α, multα = mult (−α) and △− = −△+. Consider
the expression ∏
α∈△+
(1− e(−α))−multα =
∑
ξ∈h∗
K(ξ)e(ξ) , (12)
defining a function K on h∗ called the (generalized) partition function (the symbol K is in
honour of Kostant). Note that K(ξ) = 0, unless ξ ∈ Q+; furthermore, K(0) = 1, and K(ξ)
for ξ ∈ Q+ is the number of partitions of ξ into a sum of positive roots, where each root is
counted with its multiplicity. The last remark follows from another form of formula (12):∑
ξ∈Q+
K(ξ)e(ξ) = Πα∈△+(1 + e(α) + e(2α) + · · · )multα.
Define △0 = {α ∈ △ | α = 0}. The subgroup W of GL(h∗) generated by all fundamental
reflections is called the Weyl group of g(A). The action of ri on h
∗ induces the dual funda-
mental reflections r∨i on h (for the dual algebra g(
tA)). For each i = 1, · · · , n we define the
fundamental reflection ri of the space h
∗ by ri(λ) = λ−〈λ, α∨i 〉αi, λ ∈ h∗. It is clear that ri is
a reflection since its fixed point set is Ti = {λ ∈ h∗ | 〈λ, α∨i 〉 = 0}, and ri(αi) = −αi. Let W0
be a (finite) subgroup of W generated by reflections the rα, with α ∈ △0. We can describe
the integrable highest-weight modules L(Λ) with respect to the algebras g(A), where A is a
finite type matrix, and use the specialization formula [8]:∏
α∈△+\△0
(1− e(−α))multα =
∑
w∈W\W0
ǫ(w)K(w(ρ))e(w(ρ)− ρ) . (13)
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Highest-weight modules: hyperbolic spaces. Let a0, n0 denote the Lie algebras of A,N
in an Iwasawa decomposition, G = KAN . Since we are interested in hyperbolic geometry,
let us consider the case G = SO1(2n, 1), K = SO(2n). The complexified Lie algebra
g = gC0 = so(2n+ 1,C) of G is of the Cartan type Bn:
Bn : Q =
{∑
i
kiεi ∈ Rn | ki ∈ Z
}
,
Q∨ =
{∑
i
kiεi ∈ Rn | ki ∈ Z,
∑
i
ki ∈ 2Z
}
,
△ = {±εi ± εj,±εi},
Π = {α1 = ε1 − ε2, · · · , αn−1 = εn−1 − εn, αn = εn},
W = {all permutations and sign changes of the εi} = AutQ . (14)
Here, Π is a basis of Q over Z (the matrix (2(αi, αj)/(αi, αi)) is the Cartan matrix of the
corresponding type). Since the rank of G is one, dim a0 = 1 by definition, say
a0 = RH0 for a suitable basis vector H0 := antidiag(1, · · · , 1) (15)
is a (n + 1) × (n + 1) matrix. By this choice we have the normalization β(H0) = 1, where
β : a0 → R is the positive root which defines n0. Note that the Killing form ( , ) is given by
(x, y) = (n− 1) trace(xy) for x, y ∈ g0. The standard systems of positive roots △+,△+s for
g and k = kC0 – the complexified Lie algebra of K, with respect to a Cartan subgroup H of
G, H ⊂ K, are given by
△+ = {εi|1 ≤ i ≤ n} ∪△+s , △+s = {εi ± εj|1 ≤ i < j ≤ n}, (16)
and
△+n def= {εi|1 ≤ i ≤ n} (17)
is the set of positive non-compact roots. Here,
(εi, εj) =
δij
(H0, H0)
=
δij
2(2n− 1) , (εi ± εj, εi ± εj) =
1
2n+ 1
, i < j , (18)
i.e. (α, α) = (2n − 1)−1, ∀α ∈ △+n . Let τ = τ (j) be a representation of K on ΛjC2n. The
highest weight of τ , Λτ (j) = Λj, is{
ε1 + · · ·+ εj, if j ≤ n,
ε1 + · · ·+ ε2n−j, if j > n. (19)
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Writing (Λj,Λj + 2ρn) = (Λj,Λj) + (Λj, 2ρn), ρn =
∑n
i=1(n− i)εi, for j ≤ n we have
(Λj ,Λj) =
(
j∑
p=1
εp,
j∑
q=1
εq
)
=
j∑
p,q=1
(εp, εq) =
j∑
p=1
(εp, εp) =
j
(H0, H0)
, (20)
(Λj, 2ρn) =
(
j∑
p=1
εp, 2
j∑
i=1
(n− i)εi + 2
n∑
i=j+1
(n− i)εi
)
= 2
j∑
p=1
(εp, (n− p)εp)
=
2nj
(H0, H0)
− 2
j∑
p=1
p(εp, εp) =
2nj
(H0, H0)
− j(j + 1)
(H0, H0)2
. (21)
Therefore,
(Λj,Λj + 2ρn) =
j(2n+ 1)
(H0, H0)
− j(j + 1)
(H0, H0)2
. (22)
In the case j > n, we have
(Λj,Λj) =
(
2n−j∑
p=1
εp,
2n−j∑
q=1
εq
)
=
2n−j∑
p=1
(εp, εp) =
2n− j
(H0, H0)
, (23)
(Λj , 2ρn) = 2
(
2n−j∑
p=1
εp,
n∑
i=1
(n− i)εi
)
= 2
(
2n−j∑
p=1
εp,
2n−j∑
i=1
(n− i)εi +
n∑
i=2n−j+1
(n− i)εi
)
= 2
(
2n−j∑
p=1
εp,
2n−j∑
i=1
nεi −
2n−j∑
i=1
iεi
)
=
2n(2n− j)
(H0, H0)
− 2
2n−j∑
i=1
i(εi, εi)
=
2n(2n− j)− (2n− j)(2n− j + 1)
(H0, H0)
=
(2n− j)(j − 1)
(H0, H0)
. (24)
Thus, for Λj = △+s − highest weight of K = SO(2n) on ΛjC2n, we have
(Λj,Λj + 2δn) =
2nj − j2
(H0, H0)
=
2nj − j2
2(2n− 1) for 0 ≤ j ≤ 2n. (25)
Let h0 be the Lie algebra of H and let h
∗
R
= Hom(
√−1h0,R) be the dual space of the real
vector space
√−1h0. Thus, the {εi}i=1 are an R-basis of h∗R. Of interest are the integral
elements f of h∗
R
:
f
def
= {λ ∈ h∗R | 〈λ | α〉 ≡
2(λ, α)
(α, α)
∈ Z, ∀α ∈ △+}. (26)
Then we have
〈λ | εi〉 = 2λi for 1 ≤ i ≤ n, 〈λ | εi ± εj〉 = λi ± λj for 1 ≤ i < j ≤ n, (27)
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where we shall write λ =
∑n
j=1 λjεj for λ ∈ h∗R, λj ∈ R. Then clearly
f = {λ ∈ h∗
R
| 2λi ∈ Z} for 1 ≤ i ≤ n, (28)
f = {λ ∈ h∗
R
| λi ± λj ∈ Z} for 1 ≤ i < j ≤ n. (29)
Let ρs = (1/2)
∑
α∈△+s
α, ρn = (1/2)
∑
α∈△+n
α, ρ = ρs + ρn = (1/2)
∑
α∈△+ α. Then
ρs =
n∑
i=1
(n− i)εi, ρn = 1
2
n∑
i=1
εi, ρ =
n∑
i=1
(n− i− 1
2
)εi (30)
are all integral. The elements λ of f correspond to characters eλ of H . We can deduce the
specialization formula [8]:∏
j≥1
(1− qj)dim gj(s) =
∑
w∈W s
ε(w)Ks(w(ρ))q〈ρ−w(ρ),hs〉 . (31)
Here,
Ks(λ) =
∏
α∈△+s
〈λ, α∨〉/〈ρs, α∨〉, △+s = {α ∈ △+|〈α, hs〉 = 0} (32)
and ρs is the half-sum of roots from △s+; W s is a system of representatives of left cosets of
the subgroup Ws generated by rα, α ∈ △s+ in W , so that W = WsW s; g(A) = ⊕jgj(s) is
the Z-gradation of g(A) of type s. For the case G = SO1(2n, 1), K = SO(2n) we have
Ks(λ) =
∏
α∈△+s
(λ, α)/(ρs, α) =
∏
1≤i<j≤n
λ2i − λ2j
(2n− i− j)(j − i) . (33)
Asymptotic limit in the expansion of K(N). In general, generating functions adopt the
form of expressions for the Poincare´ polynomials Πn(1 − qn)dim gn , Πn(1 − qn)rank gn . These
formulas are associated with the dimensions of the homology of appropriate topological
spaces (as the Euler–Poincare´ identity [9, 2]). Formally, the sub-leading corrections to the
entropy S can be associated with the Euler characteristic of an appropriate complex or the
coefficient in the product expansion:∏
n
(1− qn)dim gn =
∑
m,λ
(−1)mqλdimH(λ)m (g) =
∑
λ
qλK(λ)(g), (34)
K(λ)(g) =
∑
m
(−1)mdimH(λ)m (g), S =⇒ logK(λ)(g) . (35)
We let
Q(q) =
∑
n≥0
qnK(n) =
∏
n∈Z+
(1− qn)−1, (36)
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then [10]
Q(exp(2πi(h + iz)/k)) = Ωh,kz1/2 exp(π(z−1 − z)/12k)Q exp((2πi(h′ + iz−1)/k)), (37)
where Re z > 0, the principal branch of z1/2 is selected, h′ is a solution of the congruence
hh′ = −1 (mod k), and ωh,k is a 24 k-th root of unity given by
Ωh,k =

(−k
h
) exp{−πi(1
4
(2− hk − h) + 1
12
(k − k−1)(2h− h′ + h2h′))}, for h odd,
(−h
k
) exp{−πi(1
4
(k − 1) + 1
12
(k − k−1)(2h− h′ + h2h′))}, for k even,
(38)
with (a/b) the Legendre–Jacobi symbol. There is the elegant representation of Rademacher
for ωh,k: ωh,k = exp{πis(h, k)}, where s(h, k) is the Dedekind sum: s(h, k) =
∑k−1
µ=1(µ/k −
[µ/k]− 1/2)(hµ/k − [hµ/k]− 1/2). Clearly, Cauchy’s integral theorem implies that
K(n) = 1
2πi
∫
C
Q(q)
qn+1
dq = ρ−n
∫ 1
0
Q[ρ exp{2πiϕ}] exp{−2πinϕ}dϕ
= exp
{
2πn
N2
} ∑
k=1, (h,k)=1, 0≤h<k
exp
{
−2πihn
k
}
Ωh,k
×
∫ θ′′
h,k
−θ′
h,k
z1/2 exp
{
π
z−1 − z
12k
}
Q
[
exp
{
2πi
h′ + iz−1
k
}]
exp{−2πinϕ}dϕ. (39)
Here, θ′0,1 = (N + 1)
−1, θ′h,k = h/k − (h0 + h)/(k0 + h), θ′′h,k = (h1 + h)/(k1 + h)− h/k, and
h0/k0, h/k, h1/k1 are the three successive terms in the set of proper Farey fractions FN of
order N (see for details [10]).
However the coefficient in the expansion of the generating functionals in its final form is not
always known. We will here simplify the calculation and apply an asymptotic limit for that
coefficient. We will use the Meinardus theorem [11, 12]; for the first time this theorem has
been used for the p-brane quantum states density in [13]. It gives a possibility to improve
the Cardy formula (including a prefactor). We set∏
n∈Z+
(
1− qn+ε)−dn = 1 + ∑
N∈Z+
K(N)qN+ε , (40)
where, as before, exp(2πiτ) = exp(−2π Im τ + 2πiRe τ), Im τ > 0 (|q| < 1), ε ≥ 0 and
dn ≡ dim gn (or rank gn) > 0. Let
D(s; ε) =
∑
N∈Z+
dN(N + ε)
−s , s = σ + iρ, (41)
be the associated Dirichlet series, which converges for 0 < σ < p. Suppose that D(s; ε)
can be analytically continued into the region σ ≥ −C0 (0 < C0 < 1) and that, here, D(s; ε)
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is analytic, except for a pole of order one at s = p with residue A. We also assume that
D(s; ε) = O(|ρ|C1) uniformly at |ρ| → ∞, where C1 is a fixed positive real number. Expand-
ing K(N), one arrives at a complete asymptotic limit
K(N)N→∞ = C(p)N
2D(0;ε)−p−2
2(1+p) exp
{
1 + p
p
[AΓ(1 + p)ζR(1 + p)]
1
1+pN
p
1+p
}
× [1 +O(N−κ)] , (42)
C(p) = [AΓ(1 + p)ζR(1 + p)]
1−2D(0;ε)
2p+2 · exp [(d/ds)D(0; ε)]
[2π(1 + p)]1/2
, (43)
where κ = p/(1 + p) ·min(C0/p− δ/4, 1/2− δ), 0 < δ < 2/3, and ζR(s) is the Riemann zeta
function. We should stress the important physical significance of the coefficients K(N). The
results (42) and (43) have a universal character for the generating functions associated with
the q-series of the modular forms. Finally,
S(N) := logK(N) ≈ C1(p)N
p
p+1 + (C2(p) + 2κ)logN , (44)
C1(p) ≡ 1 + p
p
[AΓ(1 + p)ζR(1 + p)]
1
1+p , C2(p) ≡ 2D(0; ε)− p− 2
2(1 + p)
. (45)
The entropy of conformal field theory. The holomorphic contribution to the full gravity
partition function becomes
Z(τ)hol = q
−k
∏
n∈Z+
(1− qn+1)−1 ≡ q−k(1 +
∑
N∈Z+
K(N)qN+1) . (46)
Comparing this expression with Eq. (40) we find: dn = 1, ε = 1, and therefore D(s; 1) =
ζR(s; 1) ≡ ζR(s). In Eq. (44) the second term is the logarithmic correction. Typically, this
term appears when the entropy is computed in the microcanonical ensemble (as opposite to
the canonical one) [5]. The explicit value of the prefactor C(p) in the expansion (43) gives
the constant term in the final Eq. (44). Our goal is to compute the entropy in a black hole
geometry, where the partition function STrHq
D̂ for an appropriate operator insertion D̂ is
calculated over the brane Hilbert space H. Using Eq. (44) we get the final result:
SCFT(N) ≈ π
2 ∑
(j even)
hj +
∑
(j odd)
hj
 /3
1/2N1/2 + (2κ− 1)logN . (47)
We would like to comment that, improving on Cardy’s saddle point approximation, it has
been shown in [14] that for any unitary, modular invariant 2d CFT with discrete spectrum
(i.e. when partition function is a holomorphic function of a power of q and q¯), one may cap-
ture not only logN corrections as in (47), but also all polynomially suppressed 1/Nk correc-
tions to the entropy. There is in fact a closed form for the entropy as log(I1(SCardy)/SCardy).
Moreover, it has been shown that in this approximation and up to exponentially suppressed
exp(−N) corrections, the partition of any such 2d CFT is holomorphically factorizable [14].
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5 Space-time aspects of the computation of gravity
partition functions
5.1 Spectral functions of hyperbolic three-geometry
If Lp is a self-adjoint Laplacian on p-forms, then the following results hold. There exist
ε, δ > 0 such that for 0 < t < δ the heat kernel expansion for Laplace operators on a
compact manifold X is given by Tr
(
e−tLp
)
=
∑
0≤ℓ≤ℓ0
aℓ(Lp)t
−ℓ + O(tε). The coefficients
aℓ(Lp) are called Hadamard–Minakshisundaram–De Witt–Seeley coefficients (or, sometimes,
heat kernel, or just heat coefficients). Let χ be an orthogonal representation of π1(X). Using
the Hodge decomposition, the vector space H(X ;χ) of twisted cohomology classes can be
embedded into Ω(X ;χ) as the space of harmonic forms. This embedding induces a norm
| · |RS on the determinant line detH(X ;χ). The Ray–Singer norm || · ||RS on detH(X ;χ) is
defined by [15]
|| · ||RS def= | · |RS
dimX∏
p=0
[
exp
(
− d
ds
ζ(s|Lp)|s=0
)](−1)pp/2
, (48)
where the zeta function ζ(s|Lp) of the Laplacian acting on the space of p-forms orthogonal
to the harmonic forms has been used. For a closed connected orientable smooth manifold
of odd dimension and for the Euler structure η ∈ Eul(X), the Ray–Singer norm of its
cohomological torsion Tan(X ; η) = Tan(X) ∈ detH(X ;χ) is equal to the positive square root
of the absolute value of the monodromy of χ along the characteristic class c(η) ∈ H1(X):
||Tan(X)||RS = |detχc(η)|1/2. In the special case where the flat bundle χ is acyclic, we have
[Tan(X)]
2 = |detχc(η)|
dimX∏
p=0
[
exp
(
− d
ds
ζ(s|Lp)|s=0
)](−1)p+1p
. (49)
For a closed oriented hyperbolic three-manifolds of the form X = H3/Γ, and for acyclic χ,
the L2-analytic torsion has the form [16, 17]: [Tan(X)]
2 = R(0), where R(s) is the Ruelle
function (it can be continued meromorphically to the entire complex plane C).
Recall that the Euclidean sector of AdS3 has an orbifold description H
3/Γ. The complex
unimodular group G = SL(2,C) acts on the real hyperbolic three-space H3 in a standard
way, namely for (x, y, z) ∈ H3 and g ∈ G, one has g · (x, y, z) = (u, v, w) ∈ H3. Thus, for
r = x + iy, g =
[
a b
c d
]
, u + iv = [(ar + b)(cr + d) + acz2] · [|cr + d|2 + |c|2z2]−1, w =
z · [|cr + d|2 + |c|2z2]−1 , where the bar denotes complex conjugation. Let Γ ∈ G be the
discrete group of G defined as
Γ = {diag(e2nπ(Im τ+iRe τ), e−2nπ(Im τ+iRe τ)) : n ∈ Z} = {γn : n ∈ Z} ,
γ = diag(e2π(Im τ+iRe τ), e−2π(Im τ+iRe τ)) . (50)
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One can construct a zeta function of Selberg-type for the group Γ ≡ Γ(a,b) generated by a
single hyperbolic element of the form γ(a,b) = diag(e
z, e−z), where z = a + ib for a, b > 0.
Actually we will take a = 2π Im τ and b = 2πRe τ . Then the Patterson–Selberg spectral
function ZΓ(s) which can be attached to H
3/Γ has the form:
ZΓ(s) :=
∏
k1,k2≥0
k1,k2∈Z
[1− (eib)k1(e−ib)k2e−(k1+k2+s)a] . (51)
The zeros of ZΓ(s) are precisely the complex numbers ζn,k1,k2 = − (k1 + k2)+i (k1 − k2) b/a+
2πin/a, n ∈ Z , and the logarithm of ZΓ(s), for Re s > 0, is given by [18]
logZΓ(s) = −
∑
n∈Z+
e−na(s−1)
4n[sinh2
(
an
2
)
+ sin2
(
bn
2
)
]
. (52)
It can also be shown that the zeta function ZΓ(s) is an entire function of order three and
finite type. Let us introduce next the Ruelle function R(s). The function R(s) is an
alternating product of more complicate factors, each of which is a spectral function ZΓ(s).
Using expression (52), we get (for details, see [18, 2, 19])
∞∏
n=ℓ
(1− qµn+ε) =
∏
p=0,1
ZΓ((µℓ+ ε)(1− i̺(τ)) + 1− a︸ ︷︷ ︸
s
+a(1 + i̺(τ)p)(−1)
p
= R(s = (µℓ+ ε)(1− i̺(τ)) + 1− a), (53)
∞∏
n=ℓ
(1 + qµn+ε) =
∏
p=0,1
ZΓ((µℓ+ ε)(1− i̺(τ)) + 1− a + i/(2 Im τ)︸ ︷︷ ︸
s
+a(1 + i̺(τ)p))(−1)
p
= R(s = (µℓ+ ε)(1− i̺(τ)) + 1− a+ i/(2 Im τ)) , (54)
with q ≡ e2πiτ , ̺(τ) = Re τ/Im τ , µ – a real number, ℓ ∈ Z+ and ε ∈ C. We can use the
Ruelle function R(s) to write the results in a most general form. Taking ν ∈ C, then
∞∏
n=ℓ
(1− qµn+ǫ)νn = R(s = (µℓ+ ε)(1− i̺(τ)) + 1− a)νℓ
×
∞∏
n=ℓ+1
R(s = (µn+ ε)(1− i̺(τ)) + 1− a)ν , (55)
∞∏
n=ℓ
(1 + qµn+ǫ)νn = R(s = (µℓ+ ε)(1− i̺(τ)) + 1− a+ i/(2 Im τ))νℓ
×
∞∏
n=ℓ+1
R(s = (µn+ ε)(1− i̺(τ)) + 1− a+ i/(2 Im τ))ν . (56)
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5.2 Quantum corrections for three-dimensional gravity
Besides the AdS3/CFT2 correspondence, we assume that the arguments of spectral functions
of hyperbolic three-geometry take values on a Riemann surface, viewed as the conformal
boundary of AdS3. Thus the quantum correction can be rewritten in terms of the spectral
functions as follows
Z1−loopgravity (τ, τ) =
∞∏
n=2
|1− qn|−2 = [R(s = 2− 2i̺(τ))hol · R(s = 2 + 2i̺(τ))antihol]−1 . (57)
It is known that one-loop corrections to three-dimensional gravity in locally Anti-de Sitter
space-times are qualitatively similar to black hole quantum corrections. The simple geomet-
rical structure of three-dimensional gravity allows to perform exact computations, since its
Euclidean counterpart is locally isomorphic to a constant curvature hyperbolic space, H3. In
the physical literature it is usually assumed that the fundamental domain for the action of
a discrete group Γ has finite volume. On the other hand, a three-dimensional black hole has
an Euclidean quotient representation H3/Γ, for an appropriate Γ, where the fundamental
domain has infinite hyperbolic volume (for the non-spinning black hole, one can choose Γ
to be the Abelian group generated by a single hyperbolic element [20]). For the discrete
groups of isometries of three-dimensional hyperbolic space with a fundamental domain of
infinite volume (e.g., for Kleinian groups), Selberg-type functions and trace formulas (ex-
cluding fundamental domains with cusps) have been considered in [21]. Note that things
are quite difficult in the case of an infinite-volume setting, due to the infinite multiplicity of
the continuous spectrum and to the absence of a canonical renormalization of the scatter-
ing operator to render it trace-class. However, for a three-dimensional black hole one can
bypass much of the general theory and try to proceed more directly, by defining a Selberg
function attached to H3/Γ and establishing a trace formula, which is a version of Poisson’s
summation formula for resonances (for details, see [20]). In fact, there is a special relation
between the spectrum and the truncated heat kernel of the Euclidean black hole and the
Patterson–Selberg spectral function [18]. From (11) we get
S(β, |r−|) = (1− β ∂
∂β
) log
{
Zclassical × [R(s = 2 + 2i|r−|β−1) · R(s = 2− 2i|r−|β−1)]−1
}
.
(58)
5.3 Partition functions from supergravity
In the case of supergravity, sub-leading corrections to the semi-classical result also can be
included systematically, laying the groundwork for comparison with partition functions of
conformal field theory via the AdS3/CFT2 correspondence [22, 23]. We follow the strategy
for analyzing the elliptic genus from supergravity, and turn to our interest in the supergravity
contributions.
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Consider the contribution from supergravity states, which can be obtained, for example, from
the fluctuation spectrum of supergravity compactified on AdS3 times some compact space
X . Generalizing our computation we make references to the two chiralities of the conformal
field theory with the convention that holomorphic and anti-holomorphic correspond to left
and right. Besides the Virasoro algebras, we pay close attention to U(1) and R-symmetry
current algebras.
Let us consider the (0, 4) case, corresponding to M-theory on AdS3 × S2 × X . The (0, 4)
conformal field theory on the AdS3 boundary describes M5-branes wrapped on 4-cycles in X6
[24] (the same conformal field theory also describes black rings [25].) To define the elliptic
genus we introduce potentials for the charges qI , qI ; the R-charge is q0 (for details, see [22]).
Up to a spectral flow, supergravity states can carry vanishing charges, qI = 0. These charges
are instead carried by wrapped branes. So the contribution to the polar part of the elliptic
genus from such supergravity states is χsugra(τ) =
∑
m Csugra(m)qm, where q = exp(2πiτ) (in
order to extract the coefficients Csugra(m) we have to compute χsugra(τ)).
Let us take into account the NS sector; the elliptic genus in the NS sector related to the R
sector by so-called spectral flow [22]. The contribution from supergravity states to the NS
sector elliptic genus can be written χsugraNS (τ) = TrHcp((−1)q˜
0
qL0) , where the trace is over the
space Hcp of chiral primaries. The elliptic genus receives contributions from rightmoving
chiral primaries obeying h˜ = (1/2)q˜0 [22], where h˜ is the eigenvalue of the Virasoro operator
L˜0.
Consider the single particle spectrum; suppose it starts at hmin = h˜min+s for some s
1. Taking
into account a bosonic contribution Π∞ℓ,p=0
∑∞
m=0 q
m(hmin+ℓ+p) = Π∞ℓ,p=0(1 − qh˜min+s+ℓ+p)−1,
where m stands for the number of particles, p for acting with (L−1)
p, and ℓ for h˜ = h˜min+ ℓ,
one can define n = ℓ + p + 1, and for bosons and fermions contributions we get (see Eq.
(55)):
χbosonNS (τ) =
∏
n∈Z+
(1− qhmin−1+n)−n =
∏
n∈Z+
[R(s = (n + hmin − 1)(1− i̺(τ)))]−1 , (59)
χfermionNS (τ) =
∏
n∈Z+
(1− qhmin−1+n)n =
∏
n∈Z+
R(s = (n+ hmin − 1)(1− i̺(τ))) . (60)
Example: compactification on AdS3 × S2 × CY3. In the case of a 5-dimensional su-
pergravity obtained by compactifying M-theory on X = CY3, the 5-dimension (massless)
spectrum is written in the N = 2 language in terms of the number of:
vectormultiplets nV = h
1,1 − 1
hypermultiplrets nH = 2(h
2,1(X) + 1)
gravitino multiplets nS, in addition to the graviton multiplet
(61)
1 The appropriate complete spectrum of single particle primaries the reader can find, for example, in
[22]. Note that multiparticle chiral primaries can be obtained by taking arbitrary tensor products of single
particle chiral primaries.
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In addition, hi,j are generators of degree (i, j) [26]. The spectrum on AdS3 × S2 organizes
into representations of SL(2,R)×SU(1, 1 | 2). 2 The superconformal relations for the finite
subalgebra {L0, L±1, T i0, Gi±1/2, G
i
±1/2} of the minimal N = 4 superconformal algebra [27] in
the NS sector are:
[Lm, Ln] = (m− n)Lm+n + km((m2 − 1)/2) δm+n,0,
{Gar , Gbs} = {G
a
r , G
b
s} = 0,
{Gar , G
b
s} = 2δabLr+s − 2(r − s)σiabT ir+s + k((4r2 − 1)/2) δr+s,0,[
T im, T
j
n
]
= iεijkT km+n + (km/2) δm+n,0δ
ij,[
T im, G
a
r
]
= −(1/2) σiabGbm+r, [T im, G
a
r ] = −(1/2) σi∗abG
b
m+r,
[Lm, G
a
r ] = (m/2− r)Gam+r, [Lm, Gar ] = (m/2− r)Gam+r,[
Lm, T
i
n
]
= −nT im+n ,
In these formulas σi is the Pauli spin matrix, m,n run over integers, r, s are half odd integers,
a, b = 1 or 2, while i is the SU(2) index taking the values 1, 2 or 3. A state |φ〉 is said to be
chiral primary if G2−1/2|φ〉 = G
1
−1/2|φ〉 = 0, Gan+1/2|φ〉 = G
a
n+1/2|φ〉 = 0 for n ≥ 0 and a = 1, 2
(such a chiral primary state |φ〉 satisfies L0|φ〉 = T 30 |φ〉). From Eqs. (59), (60) we then find
the supergravity elliptic genus to be
χsugraNS (τ) = R(s = 2(1−i̺(τ)))·[R(s = 1−i̺(τ))]C(nV ,nH ,nS)·
∏
n∈Z+
[R(s = (n+1)(1−i̺(τ)))]−E ,
(62)
where the number C(nV , nH , nS) depends on the multiplets, and E denotes the Euler number
associated with CY3 manifold.
6 Conclusions
In this paper we have discussed how the modular and spectral functions of the AdS3-
asymptotic geometry are intertwined with the quantum partition functions of gravity and of
conformal field theory. The quantum corrections can be systematically included, by making
use of the comparison with the result of conformal field theory via the existing AdS3/CFT2
correspondence. We have calculated the sub-leading corrections to the entropy of black hole
(including a precise evaluation of the degeneracy prefactor).
The common link of all these examples is to be found, in our opinion, in an important feature
of the theory of infinite dimensional Lie algebras, namely the modular properties of the
2 Recall that the Lie superalgebra SU(1, 1 | 2) is defined by the super-commutation relations among the
fourteen generators Yµ (µ = 1, 2, 3, · · · , 14), [Yµ , Yν ] = YµYν − (−1)p(µ)p(ν)YνYµ = ifµνρYρ. Here fµνρ are
structure constants, the fermion number p(µ) is 0 if µ ∈ {1, 2, · · · , 6}, or 1 if µ ∈ {7, 8, · · · , 14}.
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characters (generating functions) of certain representations. The highest-weight modules of
the affine Lie algebras underlie conformal field theories. The character of the highest-weight
Virasoro module can be interpreted as the holomorphic part of the partition functions on
the torus, for the corresponding conformal field theories. The quantum corrections for the
three-dimensional gravity and the elliptic genus from supergravity states can be written
in terms of spectral functions of hyperbolic geometry, providing holomorphically factorized
results, spectral flow and a kind of modular invariance. In many physical applications,
quantum generating functions can be reproduced in terms of Selberg-type spectral functions.
Therefore, the role of the unimodular group SL(2;C) (and of the modular group SL(2;Z))
constitute a very clear manifestation of the link of all the above with hyperbolic three-
geometry and its spectral functions.
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